Abstract. We study the impact of collisionally inhomogeneous binary and three body interaction on Bose-Einstein condensates (BECs) of a dilute gas in a bichromatic optical lattice. We observe that the localized matter wave density which decreases after the introduction of repulsive spatially inhomogeneous binary interaction can be sustained by the addition of constant attractive binary strength in equal amounts. If the balance between repulsive spatially inhomogeneous binary interaction and constant attractive interaction is disturbed, the condensates collapse. Reversal of sign of interaction ensures the longevity of BECs. Any imbalance between attractive spatially inhomogeneous interaction and constant repulsive interaction either results in the collapse of BECs or in the occupation of the condensates at multiple sites on either sides. The introduction of a weak three body interaction in phase with the binary interaction increases the extent of instability of BECs. Reversing the sign of spatially inhomogeneous and constant interaction enhances the stability of BECs.
Introduction
The experimental realization of Bose-Einstein condensation (BEC) in dilute bosonic gases [1] has completely revolutionized the understanding of ultra cold matter and has resulted in an explosion of interest both from the experimental and theoretical point of view in the domain of ultra cold atoms/molecules. These investigations have been carried out primarily by the mean field description of a BEC governed by the GrossPitaevskii (GP) equation which is a variable coefficient nonlinear Schrodinger (NLS) equation of the following form [2] i ∂Ψ(r, τ ) ∂τ = − 2 2m ∇ 2 + v(r) + g(r)|Ψ(r, τ )| 2 Ψ(r, τ ).
In the above equation, v(r) represents the external trapping potential and g(r) the binary interatomic interaction. However, it was realized that the mean field description of a BEC with a binary interaction alone was inadequate for generating high density BECs [3] . In this context, the impact of a three body interaction [4] in generating high density condensates assumes greater significance. This means that a more accurate mean field description should take into account both binary and three body interaction. In this connection, the dynamics of BECs with both binary and three body interactions was analysed [3, 4, 5, 6, 7, 8, 9] and it was found that the high density condensates were found to be stable for attractive binary and repulsive three body interactions. The interplay between cubic and quintic nonlinearties in stabilizing vortex solitons had also been investigated [10] . Eventhough the scattering length in general could vary as a function of space and time, the investigation of BECs are mainly centred around the temporal variation of interaction strengths [11] . It was realized that the spatial variation of the laser field intensity [12] by proper choice of the resonance detuning can lead to the spatial dependence of the atomic scattering lengths leading to the so-called collisionally inhomogeneous BECs. Such spatial dependence of the scattering lengths which can be implemented utilizing a spatially inhomogeneous external magnetic field in the vicinity of a Feshbach resonance [13] renders the collisional dynamics inhomogeneous across the BECs. The resulting so-called collisionally inhomogeneous environment provides a variety of interesting and previously unexplored dynamical phenomena and potential applications like adiabatic compression of matter waves [14, 15, 16] , atomic soliton emission and atom lasers [17] , enhancement of the transmittivity of matter waves through barriers [18] , dynamical trapping of matter waves solutions [19] etc. The investigation of collisionally inhomogeneous interactions with linear and nonlinear lattices [20] and the recent identification of gap solitons in periodic media supported by localized nonlinearites [21] underscore the impact of spatially inhomogeneous environment on optical solitons and BECs. The impact of spatially inhomogeneous interaction on the condensates in a monochromatic optical lattice [22] has been explored recently. This paper is a nascent attempt to study the combined impact of collisionally inhomogeneous binary and collisionally inhomogeneous three body interactions on the condensates of a dilute gas in a bichormatic optic lattice potential. The organization of this paper is as follows. In sec. 2, we present the mathematical model for the investigation of the impact of spatially inhomogeneous two and three body interactions on BECs. The variational solution of the time-independent GP equation is also given. In sec. 3, we numerically solve the GP equation and discuss the impact of collisionally inhomogeneous binary and three body interactions. In sec. 4, we present a brief discussion and concluding remarks.
Model and evolution equation
Considering both binary and three body interactions, the BEC in three dimensions is described by the following mean field GP equation
where the normalization is given by
N the number of atoms, U (r) the bi-chromatic lattice, g(r) and k(r) are the space-dependent two and three body interactions respectively.
The bi-chromatic optic lattice potential is generated by two standing wave polarized laser beams of incommensurate wavelengths whose generic form is given by [14] :
where s i , i = 1, 2 are the amplitudes of the OL potentials in units of respective recoil energies E = 2π 2 2 /mλ 2 i , k i = 2π/λ i are the respective wave numbers and λ i are the wavelengths. In the actual experiments of Roati et al [23] , the wavelengths of bichormatic OL wavelengths are λ 1 = 1032nm and λ 2 = 862nm.
For a cigar-shaped trap with strong transverse confinement, it is appropriate to consider a 1D reduction of equation (2) by freezing the transverse dynamics to the respective ground state and integrating over the transverse variables y and z. The resulting quasi-1D dimensionless GP equation for cigar-shaped BECs is given by,
where the normalization is (3) is now defined by one of the following expressions
g(x) = 2a x /a ⊥ and k(x) are the strengths of space-dependent binary and three body interactions respectively. a x is the space dependent s-wave scattering length which can be tuned to any desire value using the Feshbach resonance technique. The dependence of a x on the spatial co-ordinate x is given by [12, 24, 25 ]
where I(x) is the intensity of laser light and a 0 stands for the scattering length in the absence of light. The quantities α and β are constants which depend on the detuning parameter δ of the laser. For a large detuning laser beam having Gaussian intensity variations, g(x) and k(x) can be written as [12, 24, 25] ,
where γ 0 , η 0 , γ 1 and η 1 are constants. The strength of the three body interaction k(x) is always less than the two body interaction g(x) [26] . For our present study, we consider that k(x)= 10% of g(x). Hence, the interaction k(x) is dependent on the interaction g(x) which means that one can control the three body interaction using Feshbach resonance by tuning s-wave scattering length [26] . By eliminating the time dependence by φ(x) = φ(x) exp(−iµt), the stationary version of equation (2) is written as
µ is the chemical potential. The Lagrangian for equation (8) is given by [26] 
To apply the variational approximation, we assume a trial Gaussian function for φ(x) as
where N is the norm and w is the width. Substituting equations (10) and (5) in equation (9) and integrating overall space, we get the effective Lagrangian
where
The first variational equation ∂L eff /∂µ = 0 yields N = 1 which will be used in other variational equations. The second variational equation
and it determines the width w. The last variational equation ∂L eff /∂N = 0 yields
which defines the chemical potential.
Numerical study
To perform numerical simulation, we have employed split-step Crank-Nicolson (SSCN) method [27] . We have used both real and imaginary time propagation using adequately small space and time steps to obtain converged results. In practice, we have taken space and time steps as 0.0025 and 0.00005 respectively. For checking the consistency of the numerical calculation, we have compared our real-time propagation results with that of imaginary-time propagation and verified that the two are in good agreement with each other. The accuracy of our numerical program is also checked by varying space and time steps. We have taken the strength ratio of the bi-chromatic optic lattice potential as s 2 /s 1 = 1 throughout our investigation and the corresponding wavelengths are λ 1 = 5 and λ 2 = 0.864λ1 [23] .
Impact of spatially inhomogeneous binary interaction (k(x) = 0).
The localization of BECs with a constant repulsive binary interaction has already been studied in [28] . So, we now introduce the repulsive spatially inhomogeneous two body interaction (γ 1 ). The density profiles for various values of repulsive spatially inhomogeneous two body interactions are shown in figures 1(a)-(d) . When we increase the binary repulsive spatially inhomogeneous nonlinearity, instability sets in the condensates. However, it should be mentioned that the amplitude of the central localized density can be controlled by adding an almost equal amount of constant attractive binary strength (γ 0 ). The corresponding density profile is shown in figure 2(a) while the phase plot in figure 2(b) displays the range of constant attractive binary strengths which could be reinforced with repulsive spatially inhomogeneous binary strengths to sustain central localized hump. The density profile shown in figure 2(a) represents the solitary mode. Figure 3 shows the density profile for γ 0 = −15 and γ 1 = 20 for various time intervals corresponding to the domain above the stable region as shown in figure 2(b) . Eventhough the density profile in figure 3 seems to indicate the presence of a dynamically stable state, the fluctuations around the boundaries contribute to the increase in the rms size thereby leading to the expansion of BECs. In the region below the stable domain, the central hump density increases with γ 0 and blows up at a critical value of γ 0 . One can also sustain the central localized density by adding almost equal amounts of constant repulsive binary strength with the attractive spatially inhomogeneous binary interaction as shown in figure 4(a) . From figure 4(a), we understand that the central localized stable density profile corresponds to the solitary mode while the density begins to occupy multiple sites on either sides of the center for increasing constant repulsive binary nonlinearity as shown in figure 4(b) . The numerical domain of values for constant repulsive binary strength against the attractive spatially inhomogeneous binary strength is shown in figure 4(c) .
Impact of both spatially inhomogeneous binary and spatially inhomogeneous three body interactions
We now introduce the three body interaction (both constant and spatially inhomogeneous) in the presence of both constant and spatially inhomogeneous two body interaction on the condensates. We now choose a weak three body interaction k(x) = 0.1g(x) in phase with the binary interaction. Figures 5(a) and 5(b) show the density and phase plots for both repulsive spatially inhomogeneous binary and repulsive spatially inhomogeneous three body interaction against constant attractive binary and constant attractive three body interaction. The density plot for the stable region in figure 5 (b) which is shown in figure 5(a) represents the solitary mode. The condensate density in figure 5(a) is quite identical to figure 2(a) . This means that in the stable region, the condensate density is not at all affected by the weak three body interaction. In the domain above the stable region shown in figure 5(b) , the condensates expand quickly as compared to that of BECs with k(x) = 0 similar to what is transpiring corresponding to the domain above the stable region shown in figure 2(b) . Reversing the sign of γ 0 and γ 1 , one obtains the central localized solitary mode as shown in figure (5) and (c) the phase plot for attractive binary spatially inhomogeneous interaction against constant repulsive binary interaction.
6(a) when there is perfect balance between γ 0 and γ 1 . Any imbalance between γ 0 and γ 1 may either lead to the multiple occupation of the condensates at various sites on either sides shown in figure 6 (b) corresponding to the domain above the stable region of figure 7 or the collapse of the condensates corresponding to the domain below the stable region shown in figure 7 . Comparing the phase plots shown in figures 2(b) and 4(c) with figures 5(b) and 7, respectively, we observe that the condensates rapidly move into the unstable region under the combined impact of spatially inhomogeneous binary and spatially inhomogeneous three body interaction. 
Conclusion
In this paper, we have investigated the combined impact of both spatially inhomogeneous binary and spatially inhomogeneous three body interactions on BECs in a bichromatic optical lattice. Our results show that the condensates which becomes unstable after the introduction of repulsive spatially inhomogeneous binary interaction can be stabilized by the addition of constant attractive binary strength in almost equal amounts. If the balance between repulsive spatially inhomogeneous binary interaction and constant attractive interaction is disturbed, the condensates become unstable. If the sign of the interaction is reversed, the condensate density is also found to be stable for almost equal strengths. Any imbalance between attractive spatially inhomogeneous interaction and constant repulsive interaction either results in the collapse of BECs or in the occupation of the condensates at multiple sites on either sides. When we introduce a weak three body interaction in phase with the binary interaction (repulsive spatially inhomogeneous binary and repulsive spatially inhomogeneous three body against constant attractive binary and constant attractive three body), the extent of instability increases. Reversing the sign of spatially inhomogeneous and constant interaction enhances the stability of BECs.
